Let B be a Galois algebra over a commutative ring R with Galois group G. Then it is shown that G = Aut R (B) if and only if B is commutative with no idempotents but 0 and 1, or B ∼ = R ⊕ R where R contains no idempotents but 0 and 1. 
Introduction
It is well known that the Galois group of a Galois extension of a field is the automorphism group of the field, and S.U. Chase, D.K. Harrison, and A. Rosenberg proved this fact for a commutative Galois extension with no idempotents but 0 and 1 [3, Theorem 3.5] . We are interested in the converse problem: let B be a Galois algebra over a commutative ring R with Galois group G. If G = Aut R (B) , is B a commutative ring with no idempotents but 0 and 1? The present paper will show that G = Aut R (B) if and only if either B is commutative with no idempotents but 0 and 1, or B ∼ = R ⊕ R where R contains no idempotents but 0 and 1. We shall employ the general Wedderburn Theorem for an Azumaya algebra over a local ring as given by F.R. DeMeyer [6, Corollary 1] to calculate the inner automorphism group of a central Galois algebra. Then the problem is reduced to the problem for a Galois algebra B with at most four central idempotents. But then B is either a composition of a central Galois algebra and a commutative Galois algebra with no idempotents but 0 and 1 [5, Theorem 1] , or commutative with exactly two minimal central idempotents. This will lead to the conclusion.
Basic definitions and notations
Throughout this paper, B will represent a ring with 1, G a finite automorphism group of B, C the center of B, and B G the set of elements in B fixed under each element in G.
Let A be a subring of a ring B with the same identity 1. We call B a separable extension of A if there exist {a i , b i ∈ B, i = 1, 2, . . . , m for some integer m} such that a i b i = 1, and 
A ring B is called a Galois algebra over R if B is a Galois extension of R and R is contained in C, and B is called a central Galois algebra if B is a Galois extension of C. The characteristic of a ring C is denoted by Char(C).
The inner automorphism group
Let B be a central Galois algebra over its center C with Galois group G. We shall show that the rank of B over C is defined and equal to k 2 where k 2 = |G|, the order of G, for some integer k (for the rank of a projective module, see [7, p. 27] ). Then by using the general Wedderburn Theorem for Azumaya algebras over a local ring as given by F.R. DeMeyer [6, Corollary 1], we show that the order of the inner automorphism group of B is greater than |G| when either |G| > 2, or |G| = 2 and Char(C) = 2. We begin with the general Wedderburn Theorem. Proof. Since B is a Galois algebra over R with Galois group G, the skew group ring
Lemma 3.2. If B is a central Galois algebra over its center C with Galois group
Proof. By Lemma 3.1, rank C (B) = |G|, so B is an Azumaya algebra of rank |G| over C. Hence for any prime ideal p of C, C p ⊗ C B ∼ = M n (D), a matrix ring of order n for some integer n over an indecomposable Azumaya C p -algebra D by Proposition A. Noting that
For a central Galois algebra over C with Galois group G of order greater than 2, we want to show that the order of the inner automorphism group of B, |Inn(B)| > |G|. We first work on Inn(B) for a matrix ring B. 
Proof. Since α
Next is our first main result for a central Galois algebra derived from Azumaya algebras. 
The Galois group
In this section, we shall show the main theorem for a Galois algebra B over R with Galois group G; that is, G = Aut R (B) if and only if either B is commutative with no idempotents but 0 and 1, or B ∼ = R ⊕ R where R contains no idempotents but 0 and 1. We need two results, the first one is the structure of a Galois algebra with no idempotents but 0 and 1 proved by DeMeyer [5, Theorem 1] and the second one is the existence of an automorphism of a Galois algebra which is not in the Galois group.
Proposition B (DeMeyer [5, Theorem 1]). Let B be a Galois algebra with no idempotents but 0 and 1 over R with Galois group G and K = {g ∈ G | g(c) = c for all c ∈ C} where C is the center of B. Then B is a central Galois algebra with Galois group K and C is a commutative Galois algebra over R with Galois group G/K.

Lemma 4.1. Let B be a Galois algebra over R with Galois group G and λ ∈ Aut R (B). If e = 0 is a central idempotent in B such that λ| Be is identity and λ| B(1−e) is not identity, then λ / ∈ G.
Proof. Since B is a Galois algebra over R, B has a G-Galois system {a i , b i ∈ B, i = 1, 2, . . . , m} for some integer m such that Hence for any α = 1 in Aut R (B), α(e 1 ) = e 2 and α(e 2 ) = e 1 . Thus Aut R (B) = {1, α | α(ae 1 + be 2 ) = ae 2 + be 1 for each ae 1 + be 2 ∈ B}; and so G = Aut R (B). 2 Theorem 4.6 can be applied to a Galois Azumaya extension as studied in [1, 2] . Ring B is called a Galois Azumaya extension of B G with Galois group G if B is a Galois extension of B G with Galois group G and B G is an Azumaya C G -algebra (see [1, 2] ). Ring B is called a DeMeyer-Kanzaki Galois extension of B G with Galois group G if B is an Azumaya algebra over C and C is a Galois algebra over C G with Galois group induced by and isomorphic with G (see [4, 8] ). 
